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Abstract
In the conformal field theories having affine SL(2) symmetry, we study the operator
product expansion (OPE) involving primary fields in highest weight representations. For this
purpose, we analyze properties of primary fields with definite SL(2) weights, and calculate
their two- and three-point functions. Using these correlators, we show that the correct
OPE is obtained when one of the primary fields belongs to the degenerate highest weight
representation. We briefly comment on the OPE in the SL(2, R) WZNW model.
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1. The conformal field theories having affine SL(2) symmetry have been an interesting
topic in recent string theory, since the SL(2) symmetry expresses the isometry of the AdS3
target space or its Euclidean counterpart known as simplest examples exhibiting the hologra-
phy. The CFT on the Euclidean AdS3, namely, the H
+
3 WZNW model is now well controlled
[1, 2, 3] and, starting from this, one may extract useful results for other models with the
affine SL(2) symmetry [4, 5].
In this note, we continue this line of studies. Our point here is to focus on the primary
fields with definite SL(2) weights. These are important in dealing with highest weight rep-
resentations, since highest weight conditions are expressed by certain relations between the
SL(2) spin and weight. In particular, we present pieces of properties of the primary fields
mentioned above, and calculate their two- and three-point functions. Using these correla-
tors, we discuss the operator product expansion including primary fields in highest weight
representations. When one of the primary fields belongs to the degenerate highest weight
representation, we show that the correct OPE is obtained. We briefly comment on the OPE
in the SL(2, R) WZNW model. Our analyses may serve also as preparatory steps for further
studies.
2. The H+3 WZNW model [1, 2, 3] has the action
S =
k
pi
∫
d2z
[
∂φ∂¯φ+ e2φ∂γ¯∂¯γ
]
.
The primary fields are organized by introducing “boundary coordinates” x and x¯:
Φj(z, x) =
(
|γ − x|2eφ + e−φ
)2j
.
They behave as if they were primary fields of conformal weight −j on the x-plane. The global
part of the affine SL(2) symmetry of the model acts onto them as conformal transformations
on the x-plane [6, 7]. They also have conformal weight h ≡ −j(j + 1)/(k − 2), and OPE’s
with the sˆl2 currents,
Ja(z)Φj(w, x) ∼ −
DaΦj(w, x)
z − w
,
D− = ∂x , D
3 = x∂x − j , D
+ = x2∂x − 2jx .
The expressions with J¯a(z¯) are similar. The two- and the three-point functions of these fields
are given by [2, 3, 8, 9]
〈Φj1(z1, x1)Φj2(z2, x2)〉
= |z12|
−4h1
[
A(j1)δ
2(x12)δ(j1 + j2 + 1) +B(j1)|x12|
4j1δ(j1 − j2)
]
,
A(j) = −
pi3
(2j + 1)2
, B(j) = b2pi2[k−1∆(b2)]2j+1∆[−b2(2j + 1)],
1
3∏
a=1
Φja(za, xa) = D(ja)
∏
a<b
|zab|
−2hab|xab|
2jab,
D(ja) =
b2pi
2
[k−1b−2b
2
∆(b2)]Σja+1Υ[b]Υ[−2j1b]Υ[−2j2b]Υ[−2j3b]
Υ[−(Σja + 1)b]Υ[−j12b]Υ[−j23b]Υ[−j31b]
,
where ∆(x) = Γ(x)/Γ(1− x), b−2 = k− 2 and zab ≡ za− zb, j12 ≡ j1+ j2− j3, etc. An entire
function Υ was introduced in [10, 11] and is characterized by the spectrum of zeroes,
Υ(x) = 0 at x = −mb− nb−1, x = (m+ 1)b+ (n+ 1)b−1 (m,n ∈ Z≥0) .
Using the above correlators and the SL(2) symmetry, we can write down the OPE formula:
Φj1(z1, x1)Φj2(z2, x2)
z1→z2∼
∫
C
dj3 |z12|
−2h12
∫
d2x3
3∏
a<b
|xab|
2jab
D(ja)
A(j3)
Φ−j3−1(z2, x3). (1)
where the j3-integration should be taken over all the normalizable representations on the
Euclidean AdS3, i.e., C = P ≡ −
1
2
+ iR, if the two operators both belong to the normalizable
representations. For generic j1 and j2 we assume that certain deformations of contours should
be made so as to go around the sequences of poles in the integrand and ensure the analyticity
in j1,2. Those poles in the integrand are given by
(1a) j12 = S , (1b) j12 = −1− S ; (2a) N = S , (2b) N = −1− S ;
(3a) j13 = S , (3b) j13 = −1− S ; (4a) j23 = S , (4b) j23 = −1− S ;
(2)
where N = Σ3a=1ja + 1 and S = l + nb
−2 (l, n ∈ Z≥0). These originate from the zeroes of Υ
functions as well as the exponents of |xab| via
Resxǫ−l−1x¯ǫ−n−1|ǫ=0 =
pi
l!n!
∂l∂¯nδ2(x). (3)
3. We would like to note that the above OPE formula has a semi-classical (k → ∞)
limit which agrees with the supergravity analysis on the Euclidean AdS3 background. Using
Υ(x)
b→0
→ const · Γ(x/b)−1 we obtain the following semi-classical OPE formula,
Φj1(x1)Φj2(x2) =
1
2
∫
P
dj3
∫
d2x3
∏
a<b
|xab|
2jabA(j3)
−1D0(ja)Φ−j3−1(x3),
D0(ja) =
pi
2
Γ(−Σja − 1)Γ(−j12)Γ(−j23)Γ(−j31)
Γ(−2j1)Γ(−2j2)Γ(−2j3 − 1)
,
out of which the semi-classical four-point function can be expressed as [2]〈
4∏
a=1
Φja(xa)
〉
= −
1
pi2
|x12|
2(j1+j2)+1|x13|
2(j1−j2)−1|x23|
2(−j1+j2+j3−j4)|x24|
2(−j3+j4)−1|x34|
2(j3+j4)+1
×
∫
P
dj (2j + 1)D0(j1, j2, j)D0(j3, j4, j)|x|
−2j−1|F (j2 − j1 − j, j3 − j4 − j;−2j; x)|
2,
2
where x ≡ x12x34/x13x24. This is obtained also by using the relations of completeness and
orthogonality of Φj(x).
The behavior of the integrand for large |j| is evaluated from the asymptotic behavior of
the hypergeometric function [12]. Then, it turns out that the contour of j-integration can be
closed in the left half-plane so that we may replace the j-integral with the sum over poles at
j = j1 + j2 − l, j3 + j4 − l (l ∈ Z≥0). (4)
The spectrum of intermediate states thus obtained agrees with the semi-classical result of
Liu [13]. This further supports the prescription of the OPE given in (1). This also shows
that there are two different expansions for the same quantity because of the existence of
infinitely many primary fields: one is by j ∈ P and the other is by (4). Similar phenomena
are observed in Liouville theory [14] and in an SL(2) model [15].
4. The primary fields with definite SL(2) weights, i.e., eigenvalues of the zero-modes of
J3(z) and J¯3(z¯), are obtained by Fourier transforming the primaries Φj(z, x):
Φjmm¯ =
∫
d2xxj+mx¯j+m¯Φ−j−1(z, x) . (5)
The above Fourier transformations are well defined only for m− m¯ ∈ Z. In fact, for the H+3
model, m+ m¯ ∈ iR and m− m¯ ∈ Z. These have the OPE’s, e.g.,
J±(z)Φjmm¯(w) ∼
∓j +m
z − w
Φjm±1 m¯ , J
3(z)Φjmm¯(w) ∼
m
z − w
Φjmm¯ . (6)
For evaluating (5), we use the Mellin transform of (z + 1)−2(j+1) with z = |γ − x|2e2φ and
Barnes’ representation of the hypergeometric function.
Here, we introduce a coordinate system (τ, ϕ, r) via
eφ = e−τ cosh r, γ = eθL tanh r, γ¯ = eθR tanh r (θL/R ≡ τ ± iϕ) ,
in which the metric reads
ds2 = cosh2 r dτ 2 + dr2 + sinh2 r dϕ2 .
Then, the explicit expression of Φjmm¯ is given by
Φjmm¯ =
piΓ(j + 1 +m)Γ(j + 1− m¯)
Γ(m− m¯+ 1)Γ(2j + 2)
emθL+m¯θR cosh−m−m¯ r sinhm−m¯ r (7)
× F (−j − m¯, j + 1− m¯;m− m¯+ 1;− sinh2 r) (m− m¯ ≥ 0),
and those for m − m¯ ≤ 0 can be obtained by exchanging m and m¯ with mθL + m¯θR fixed.
(See also [2].) Φjmm¯ satisfy the reflection relation,
Φ−j−1mm¯ =
2j + 1
pi
cjmm¯Φ
j
mm¯,
cjmm¯ = pi
Γ(m− j)Γ(−m¯− j)∆(2j + 1)
Γ(m+ j + 1)Γ(−m¯+ j + 1)
.
3
For φ→∞, the asymptotic behavior of Φj(z, x) (for generic j) is given by [7]
Φj ∼ e
2jφ|γ − x|4j + · · ·+
−1
2j + 1
e−2(j+1)φδ2(γ − x) + · · · .
Plugging this into (5), we obtain
Φjmm¯ ∼ c
−j−1
mm¯ γ
m−j−1γ¯m¯−j−1e−2(j+1)φ + · · ·+
1
2j + 1
γm+j γ¯m¯+je2jφ + · · · . (8)
For j ∈ P, the leading contribution comes from both series. However, for highest weight
representations with
m, m¯ ∈ j − Z≥0 , or m, m¯ ∈ −j + Z≥0 , (9)
the coefficient c−j−1mm¯ and, hence, the first series vanish. This shows that the asymptotic be-
havior largely changes for highest weight representations. The precise form of the asymptotic
behavior can be read off, e.g., from (7) by using the expression of the hypergeometric function
around r →∞.
For highest weight representations, the hypergeometric function in (7) reduces to a Jacobi
polynomial. For example, for m = j − n, m¯ = j − n¯ (n, n¯ ∈ Z≥0), we have
Φjmm¯ =
piΓ(m+ j + 1)
Γ(2j + 2)
emθL+m¯θRy
1
2
(m−m¯)(1 + y)
1
2
(m+m¯)n!P (m−m¯,m+m¯)n (1 + 2y) (10)
=
piΓ(m+ j + 1)
Γ(2j + 2)
emθL+m¯θRy−
1
2
(m−m¯)(1 + y)−
1
2
(m+m¯) d
j−m
dyj−m
[
yj−m¯(1 + y)j+m¯
]
,
where y = sinh2 r. One can confirm that these expressions are symmetric with respect to m
and m¯, and valid for both m− m¯ ∈ Z≥0 and m− m¯ ∈ Z<0.
When the coordinate τ is continued as it = τ , so that (t, ϕ, r) parametrize the Lorentzian
AdS3 or SL(2, R), Φ
j
mm¯ represent the wave functions on SL(2, R). Precisely, they are the
matrix elements of the SL(2, R) representations of the principal continuous series and high-
est(lowest) weight discrete series for j ∈ P;m, m¯ ∈ R; and j ≤ −1
2
;m, m¯ ∈ j − Z≥0
(m, m¯ ∈ −j + Z≥0); respectively. Note that the vanishing of the first series in (8) due
to the highest weight conditions assures the correct normalizability of the wave functions.
For highest weight representations, Φjmm¯ can be associated with the power series expan-
sions of (the analytic part of) Φj around x = 0 or x =∞. To see this, let us define
Φ−j−1,−mm¯ (z) =
∮
0
dx
2pii
dx¯
2pii
xm−j−1x¯m¯−j−1Φj(z, x) ,
Φ−j−1,+mm¯ (z) =
∮
0
dx
2pii
dx¯
2pii
xj−m−1x¯j−m¯−1Φj(z, x
−1) ,
where m, m¯ ∈ j − Z≥0 for Φ
−j−1,−
mm¯ and m, m¯ ∈ −j + Z≥0 for Φ
−j−1,+
mm¯ . Since Φj is a function
of a certain combination of the variables, derivatives of x can be converted to those of y. We
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thus obtain the explicit form of Φj,−mm¯ similar to (10):
Φ−j−1,−mm¯ =
1
(j −m)!(j − m¯)!
∂j−mx ∂
j−m¯
x¯ Φj
∣∣∣
x=x¯=0
(11)
=
2j + 1
pi
Γ(−j −m)Γ(−j − m¯)
Γ2(−2j)Γ(j + 1−m)Γ(j + 1− m¯)
Φjmm¯ .
The expression for Φ−j−1,+mm¯ is obtained in a parallel way by making use of the inversion
relation |x|4jΦj(x
−1) = Φj(x)|(τ,ϕ)→(−τ,−ϕ). The final result is the same as above up to the
replacement (m, m¯)→ −(m, m¯) in the coefficient in front of Φjmm¯. Because of the factors of
the Gamma functions, Φj,±mm¯ have OPE’s similar to (6), but with j and −j − 1 exchanged.
5. In order to discuss the OPE of Φjmm¯, we need their correlation functions. The two- and
three-point functions are obtained by Fourier transforming those of Φj(z, x).
First, the two-point functions are given by
〈
Φj1m1m¯1(z1)Φ
j2
m2m¯2
(z2)
〉
(12)
= |z12|
−4h1δ2(m1 +m2)
{
A(j1)δ(j1 + j2 + 1) + c
−j1−1
m1m¯1
B(−j1 − 1)δ(j1 − j2)
}
,
where
δ2(m) ≡
∫
d2xxm−1x¯m¯−1 = 4pi2δ(m+ m¯)δm−m¯,0 .
If we concentrate, e.g., on Im j ≥ 0 and Re j ≤ −1/2, only the second term in (12) remains.
For the highest weight representations in (9), the remaining expression can be reduced to
that proportional to δj1,j2.
The three-point functions are given by〈
3∏
a=1
Φjamam¯a(za)
〉
= δ2(Σma)
∏
a<b
|zab|
−2habD(−ja − 1)W (ja;ma), (13)
where W (ja;ma) is the following integral representing the group structure:
W (ja;ma) ≡
∫
d2x1d
2x2 x
j1+m1
1 x¯
j1+m¯1
1 x
j2+m2
2 x¯
j2+m¯
2
× |1− x1|
−2j13−2|1− x2|
−2j23−2|x1 − x2|
−2j12−2.
Generically, the integral W is expressed in terms of the generalized hypergeometric function
3F2 and is therefore very complicated to evaluate. However, when
j1 +m1 = j1 + m¯1 = 0 ,
the integral is simplified to
W (ja;ma) = (−)
m3−m¯3pi2
∆(−N)∆(2j1 + 1)
∆(1 + j12)∆(1 + j13)
∏
a=2,3
Γ(1 + ja +ma)
Γ(−ja − m¯a)
. (14)
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In a special case with ma = m¯a, the three-point function (13) with (14) reduces (up to a
phase) to the result in [16].
These correlators are obtained also by appropriately adapting the approach in [9] to the
present case. We do not go into details, though.
6. Given the two- and three-point functions of Φjmm¯, we would like to discuss the OPE.
Here, we follow the argument in [2, 3]: we start from the OPE in the H+3 case as in (1), and
deform the integration contour for generic cases so as to go around the poles in the integrand.
Thus, we begin with the following form of the OPE,
Φj1m1m¯1(z1)Φ
j2
m2m¯2(z2) ∼ |z12|
−2h12
∑
m3,m¯3
1
2
∫
C
dj3 Q(ja;ma) Φ
j3
m3m¯3(z2) , (15)
with C = P for j1,2 ∈ P, m+ m¯ ∈ iR, m− m¯ ∈ Z. Q is obtained from the consistency with
the two- and three-point functions through
〈
Φj1m1m¯1(z1)Φ
j2
m2m¯2(z2)Φ
j4
m4m¯4(z4)
〉
∼ |z12|
−2h12
∑
m3,m¯3
1
2
∫
C
dj3 Q(ja;ma)
〈
Φj3m3m¯3(z2)Φ
j4
m4m¯4
(z4)
〉
. (16)
When one of the primary fields is in the highest weight representation satisfyingm = m¯ = −j,
we can use (12)-(14). Assuming an appropriate deformation of the contour, we find that
Q(ja;ma) = δ
2(m1 +m2 −m3)
Γ(j2 +m2 + 1)
Γ(−j2 − m¯2)
Γ(−j3 − m¯3)
Γ(j3 +m3 + 1)
×
∆(−2j2)∆(j23 + 1)
R(j1)R(j2)A(j3)
D(ja) , (17)
with R(j) = B(j)/A(j). In the above, we have repeatedly used a formula
D(j1, j2, j3) = pi∆(−j13)∆(−j23)∆(2j3 + 1)R(j3)D(j1, j2,−j3 − 1) .
Note that the two terms proportional to δ(j3 − j4) and δ(j3 + j4 + 1) in
〈
Φj3m3m¯3Φ
j4
m4m¯4
〉
give
the same contributions to (16), because
Q(j1, j2, j3;ma)c
−j3−1
m3m¯3
B(−j3 − 1) = A(j3)Q(j1, j2,−j3 − 1;ma) .
There are two types of poles in j3 in Q(ja;ma): one is m-independent and the other is
m-dependent. The m-independent poles develop at j3 ∈ (−m3 + Z≥0) ∩ (−m¯3 + Z≥0). The
m-independent poles come from D(ja) and ∆(j23 + 1). Taking into account the zeros in the
latter, we find the m-independent poles in Q at
(1a) j12 = S , (1b) j12 = S
′ ; (2a) N = S , (2b) N = S′ ;
(3a) j13 = S , (3b) j13 = S
′ ; (4a) − j23 − 1 = S , (4b) − j23 − 1 = S
′ ;
(18)
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where S′ = −1 − b−2 − S. The structure of the poles here can be different from that in (2),
since we are considering highest weight representations. Note that the sˆl(2) representation
is largely reduced by highest weight conditions.
7. Now, we would like to consider the OPE involving the degenerate highest weight
representation whose spin is given by
2j + 1 = (I) (l + 1) + nb−2 or (II) − (l + 1)− (n+ 1)b−2 , (19)
with l, n ∈ Z≥0. From the representation theory of the current algebra, one can derive that
the OPE can be non-vanishing among a degenerate primary with spin j1 in (19), some generic
primary with spin j2, and primaries in highest weight representations with the following spin
j3 [17]:
(Ia) j3 = j2 − j1 + u+ wb
−2 (0 ≤ u ≤ l, 0 ≤ w ≤ n),
(Ib) j3 = j1 − j2 − u− wb
−2 (1 ≤ u ≤ l + 1, 1 ≤ w ≤ n),
(IIa) j3 = j1 − j2 + u+ wb
−2 (0 ≤ u ≤ l, 0 ≤ w ≤ n),
(IIb) j3 = j2 − j1 − u− wb
−2 (1 ≤ u ≤ l + 1, 1 ≤ w ≤ n).
(20)
Here, the first and second sequences correspond to case (I) in (19) and the third and fourth to
(II). Note that these are not invariant under exchanging j3 and−j3−1 and they represent non-
equivalent cases, since we are considering the highest weight representations with mmax = j3.
This OPE would be analyzed also by using the formula (1). When one of the two operators
in the product has spin j as given in (19), D(ja) vanishes for generic values of j2,3 due to
a factor Υ(−2j1b) in the numerator. However, by a careful analysis, we find that there are
still some contributions to the right hand side of the OPE from pairs of poles pinching the
contour and degenerating into double poles. In this process, we first need to separate such
pairs of poles infinitesimally, and then take the pinching limit. There are other cases in which
two poles are colliding and compensate the zero from Υ(−2j1b). However, in those cases,
two contributions have opposite signs and cancel each other.
From the table of the poles in (2), we find the contributions from the pinching poles at
(1a - 3a) j3 = j2 − j1 + u+ wb
−2 (0 ≤ u ≤ l, 0 ≤ w ≤ n),
(2a - 4b) j3 = j1 − j2 − u− wb
−2 (1 ≤ u ≤ l + 1, 0 ≤ w ≤ n),
(2b - 4a) j3 = j1 − j2 + u+ wb
−2 (0 ≤ u ≤ l, 0 ≤ w ≤ n+ 1),
(1b - 3b) j3 = j2 − j1 − u− wb
−2 (1 ≤ u ≤ l + 1, 0 ≤ w ≤ n+ 1).
(21)
The first column stands for the sequences in (2) containing the pinching poles. The first two
cases correspond to case (I) and the last two to case (II). This result is slightly different from
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(20) (and correct the statement in [2]). Tracing the disagreements, we find that the additional
pinchings all originate from the “contact terms” which appear in the right hand side of (1)
multiplied by derivatives of δ2(x1−x2) via (3). If we work with Φ
j
mm¯, not Φj , this discrepancy
is expected to be resolved, since we are considering highest weight representations. In fact,
in the OPE for Φjmm¯ in the previous section, such contact terms did not appear, though some
of the poles associated with them remain in (18) in disguise.
Thus, let us consider the above OPE following the formulation for Φjmm¯, namely, (15)
and (17). The procedure is the same. The contributions to the OPE come only from the
pinching poles. This assures that the m-dependent poles are irrelevant in our argument as
long as Φj2m2m¯2 is generic, although the prescription for the m-dependent poles is yet to be
determined.
From (18), we then find the table of the allowed j3:
(1a - 3a) j3 = j2 − j1 + u+ wb
−2 (0 ≤ u ≤ l , 0 ≤ w ≤ n) ,
(2a - 4a) j3 = j1 − j2 − u− wb
−2 (1 ≤ u ≤ l + 1 , 0 ≤ w ≤ n) ,
(2b - 4b) j3 = j1 − j2 + u+ wb
−2 (0 ≤ u ≤ l , 1 ≤ w ≤ n) ,
(1b - 3b) j3 = j2 − j1 − u− wb
−2 (1 ≤ u ≤ l + 1 , 1 ≤ w ≤ n) .
(22)
In our formulation, spin j and −j−1 appear always in pairs, and they are regarded as giving
equivalent representations with common m and m¯ as in (11). The first and second, and the
third and fourth sequences represent such pairs. To compare this table with the results in [17]
in which the primaries with j3 belong to highest weight representations, we further need to
impose highest weight conditions, taking into account the difference of conventions. Denoting
a pair of j3’s by j
(1)
3 and j
(2)
3 = −j
(1)
3 − 1, the condition for m3 reads, e.g., m3 = j
(1)
3 − Z≥0
(and similarly for m¯3). Since the primary with j2 is in a generic representation and m3 is
determined by the conservation of m, i.e., m3 = m1 +m2, we can always choose m2 so that
the condition is satisfied. m3 is then fixed for given Φ
j1
m1m¯1 and Φ
j2
m2m¯2 . In turn, this means
that the contribution from j
(2)
3 vanishes, because Γ
−1(j
(2)
3 +m3 + 1) = 0 in Q. We note that
either j or −j − 1 was selected also in an observation in section 4 after imposing highest
weight conditions.
From the two tables (20) and (22), we find that (1a-3a) ∼ (2a-4a) agrees with (Ia), and
(2b-4b) ∼ (1b-3b) with (IIb). The results in [17] give the possible representations which are
allowed in the OPE, and all of them do not necessarily appear. For example, correct gluing
of the left and right sector may restrict them. In fact, in the case with both j1 and j2 in
(19), there are examples in which only a part of the results in [17] appears in concrete models
[18, 19].1 Our results are analogous, and they are regarded as consistent with [17]. This was
1 In the subsequent paper, the authors of [18] showed that the full results of [17] can be obtained by
a careful analysis of integration contours and screenings [20]. The full results have also been obtained in
[21, 19]. Regarding the OPE for the degenerate representations, see also [22]. We would like to thank J.
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not the case for the results in (21) which was obtained by the OPE of Φj . In this way, a
puzzle about the OPE using Φj is resolved.
8. We have analyzed the properties of Φjmm¯, and calculated their correlation functions.
Using these correlators, we have considered the OPE in the case including the degenerate
highest weight representation, and obtained the correct OPE.
Our arguments indicate an importance of Φjmm¯ in considering highest weight representa-
tions, and further support the basic idea in [2, 3] that the OPE for the models with affine
SL(2) symmetry is obtained by continuations from the H+3 case. We also saw that Φ
j
mm¯
represent correct wave functions on SL(2, R) after imposing highest weight conditions and
continuing the parameters. Thus, we expect that the OPE in the SL(2, R) WZNW model,
which is of considerable interest, is obtained along this approach. Here, we encounter im-
portant problems yet to be clarified: One is how to deal with the m-dependent poles. The
other is how to incorporate the spectral flowed sectors which would play a significant role in
the SL(2, R) case [5]. For the former problem, the representation theory of SL(2, R) may
be a good guide. In fact, one can give a prescription, by hand, so that the OPE becomes
consistent with the representation theory. However, these problems need further substantial
works, and they are beyond the scope of this short note.
Note added
While the first version of the manuscript was being written, a paper [23] appeared which
has some overlap with our discussions. After the first version was written, the OPE of the
SL(2, R) WZNW model has been discussed in [24, 25].
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